EXTENSIONS OF THE ALTERNATING GROUP OF DEGREE 6 
IN THE GEOMETRY OF K3 SURFACES 
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Abstract. We shall determine the uniquely existing extension of the alter- 
nating group of degree 6 (being normal in the group) by a cyclic group of order 
4, which can act on a complex K3 surface. 



1. Introduction 

A K3 surface X is a simply-connected compact complex 2-dimensional manifold 
which admits a nowhere vanishing holomorphic 2-form ujx- As is well known, K3 
surfaces form a 20-dimensional analytic family. 

In our previous note [KOZ], we have shown, among all K3 surfaces, the unique 
existence of the triplet {F, A^, pp) of a complex K'i surface F and its (faithful) 
finite group action pp : y. F — s- F of on F , up to isomorphisms. The group 
is an extension of (being normal in Ag) by /i4, which has also been shown 
to be the unique maximum finite extension of Ag in the automorphism groups of 
KZ surfaces. (Here and hereafter, we shall employ the notation of groups as in 
the list of notation at the end of Introduction.) Wc have also described the target 
ifS surface -F; it is isomorphic to the minimal resolution of the surface in Pi X P2 
given by the following equation, where ([5* : T], [X : Y : Z]) are the homogeneous 
coordinates of P"'^ x P^: 

S^{X^ + + Z^) - 3{S^ + T^)XYZ = 0. 

However, as was remarked in [KOZ], the action of Aq is so invisible in the equa- 
tion that it seems hard to find the abstract group structure of the (uniquely existing) 
group Aq from the equation above and it remains unsolved to date. 

The aim of this short note is to describe the group structure of Aq explicitly as 
an abstract group (Theorem (4.1)). 

In contrast to the fact that Out(A„) ~ C2 when n > 3 and 71 7^ 6, the very 
special nature of Aq, that the outer automorphism group Out{AQ) is isomorphic 
to a bigger group C|, makes our humble work non-trivial and interesting. Indeed, 
corresponding to the three involutions, Aut(Ag) has three index 2 subgroups Aq < 
G < Aut(Ag), which are S'g, PGL(2, 9) and Miq. (See for instance [Su, Chapter 3], 
[CS, Chapters 10, 11]. See also Section 1). According to Suzuki [Su, Page 300], this 
extraordinary property of Aq also makes the classification of simple groups deep 
and difficult. 

We first notice that there are exactly four isomorphism classes of A^.p^ cor- 
responding to the four normal proper subgroups Aq, Sq, PGL(2,9) and Miq of 
AutAg (Theorem (2.3)). This is purely group-theoretic and should be known to 



2000 Mathematics Subject Classification. 14J28, 11H06, 20D06, 20D08. 

The first author was supported by Korea Research Foundation Grant {KRF-2002-070-C00003). 

1 



2 



J.H. KEUM, K. OGUISO, AND D. -Q. ZHANG 



experts. We then determine which one our Aq is. The part here involves geometric 
arguments on K3 surfaces such as the representation of the group action on the Pi- 
card lattice of a K3 surface and its constraint from projective geometry of a target 
K3 surface (Proposition (3.2), Lemma (4.2)). It turns out that our Aq is the one 
which arises from the last normal subgroup Mio, the Mathieu group of degree 10 
(Theorem (4.1)). 

It might be of interest that K3 surfaces could distinguish Mio from Sq and 
PGL(2,9) in this way. 

Notation. 

By Sn, An, Cn and /i„ ^ C„; wc denote the symmetric group of degree n, the 
alternating group of degree n, the cycle group of order n, and the multiplicative 
group of order n (in C^) respectively. Then /z„ = (Cn) where = exp(27ri/n). 
By C™, we denote the direct product of m copies of Cn- 

By PGL(n, g) (resp. PSL(n, g)), we denote the projective hnear group (resp. 
projective special linear group) of P(F®") over the finite field of g-elements. 

Afio is the Mathieu group of degree 10, which is defined to be the pointwise 
stabilizer subgroup of {11, 12} of the Mathieu group M12 of degree 12 under the 
natural action of M12 on the twelve element set {1,2, •• • , 12}. (See for instance 
[CS, Chapters 10, 11]). 

We write G = A.B when G fits in the exact sequence 

1 — > A — >G — > B — > 1 . 

(So, for given A and B, there are in general several isomorphism classes of groups 
of the form A.B.) For instance Aut(A6) = Ag.Cl. We always regard ^ as a normal 
subgroup of A.B. 

When the exact sequence above splits, G is a semi-direct product of A and B 
which we shall write A : B. (Again, for given A and B, there are in general several 
isomorphism classes of groups of the form A : B.) We always regard A as a normal 
subgroup oi A: B and i? as a subgroup oi A: B. 

By [G, G] and Cent(G), we denote the commutator subgroup of G and the center 
of G respectively. 

Acknowledgement. We would like to express our thanks to Professor A. A. Ivanov 

for his warm encouragement, and to Professors M. GizatuUin and I. Dolgachev for 
pointing out that Aq is also called Valentiner's group and informing us the reference 
[Va]. 

2. The isomorphism classes of A^.^i^ 
Let G be a group of the form Af,./i4, i.e. a group which fits in the exact sequence 

1 — > ^6 — > G ^ ^4 — > 1 • 

The goal of this section is to determine the isomorphism classes of such G. 
In order to make our argument clear, we first remark the following: 

Lemma 2.1. (1) Both G and Aut{AQ) have exactly one subgroup which is isomor- 
phic to Af,. 

(2) Aut{AQ) ~ AQ.C2 has exactly one subgroup which is isomorphic to Sq, PGL{2, 9), 
and Mio respectively. These three groups are mutually non-isomorphic even as 
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abstract groups. In terms of the natural (conjugacy) action on Aq, these three 
subgroups are also distinguished as follows: Sq switches the conjugacy classes 5 A 
and 5B of Aq, but not 3A and 3B; PGL{2,9) switches the conjugacy classes 3A 
and 3-B of Aq but not 5A and 5B; and Mio switches both. (The notation here is 
from the Atlas; see also the table in Proposition (3.2).) 

So, for instance one can speak of the subgroup Mio of Aut{AQ) without any 
ambiguity. 

Proof. Both G and Aut(A6) have a normal subgroup H isomorphic to Aa. This 
H is the kernel of the natural homomorphism G — > /i4 and Aut(A6) — > C| 
respectively. Let K be another subgroup of G or Aut(A6) isomorphic to Aq. Since 
ii" ~ is a simple non-commutative group, the homomorphisms K — > /X4 and 
K — > C| are both trivial. Thus iJ > and hence K = H hy \K\ = \H\. 

Let L be a subgroup of Aut(A6) being isomorphic to either Sq, PGL(2,9) or 
MiQ. In each case L contains a subgroup isomorphic to Aq. This same Aq is 
now the unique subgroup of Aut(^6) = ^e-C'l ^'^d therefore such L corresponds 
bijectively to the index 2-subgroups of PMt{AQ)/AQ = C|. Thus, there are exactly 
three such L. The last two assertions and the fact that Aut(A6) contains subgroups 
isomorphic to Sq, PGL(2, 9) and Mio are well known. (See for instance [CS, Chap 
10] or Atlas table of ^e-) 

□ 

Since Aq is a normal subgroup of G, it follows that c{g){a) = gag^^ G Aq for 
g G G and a G Aq. We have then a natural group homomorphism 

c:G — > Aut {Aq) ; g 1-^ c{g) ; c{g){a) = gag~'^ . 

Set 

N := c(G) 

and consider the homomorphism: 

c := (c, a) : G — > N x 114 < Aut(A6) x 114 ; g^ {c{g), a{g)) . 
We define the natural projections: 

p\: N X jjti — > N ; {x,y) x , p2 : N x jjn — > /i4 ; {x,y) y . 

Lemma 2.2. (1) N is either Aq, Sq, PGL{2,9) or Mw 

(2) c is injective. 

(3) a~^{iJ,2) — Aq x ^2 and c(a~^(^2)) = Aq x ij,2 in N x In particular, if 
h€G and c{h) e N\Aq, then a(h) = ±(4. 

Proof. Since Aq is simple and non-commutative, the restriction c\Aq is injective. 
Thus 

Aq = c{Aq) < N < Aut(^6) = Aq.C^ ■ 

Moreover, we have that N ^ Ag.G|; otherwise c : Aq./j.^ ~ A.Q.C2 is an isomorphism 
and /i4 ~ Gf by Lemma (2.1), a contradiction. Thus, we obtain (1). 

Let g G Ker(c). Then, a{g) = 1, i.e. g G Aq. Since Aq is simple and non- 
commutative, it follows that Cent(>l6) = {1}. Thus g = 1 hy c{g) = 1, and we 
obtain (2). 

Since ^2 is a normal subgroup of /i4 of index 2 and a is surjective, it follows 
that a~^{iJ,2) is a normal subgroup of G of index 2. Thus [q;~^(/X2) : Aq] = 2. Take 
geG such that a{g) = C,i- Then a-^(/i2) = (^6,fl^)- Since [c(G) ■.Aq]<2 by (1), 
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we have c{g'^) G Aq. Thus, c{g'^h~^) = 1 for some h ^ Aq. Set f -.^ g'^h ^ Then 
c(/) = (1, —1), whence ord/ = 2 by (2), and fa = af for each a G A^. Thus 

Q!"Hm2) = (-46, f)=AeX if) ~ X . 

This impHes 

AqX IJ,2< C{a~^{fj,2)) < N X fj,2 

in N X 1^4, and hence x M2 = c{a~^ {^2)) , because the orders are the same. □ 

The four candidates for N in Lemma (2.2) (1) give four different group structures 
on G = Aq.ij,4, which are all semi-direct products, indeed: 

Theorem 2.3. There are exactly four possible group struct,ures of G, up to iso- 
rn,orphism. More explicitly, G is isomorphic to the following subgroup of N X jii 
corresponding to each of the four candidates for N < Aut{AQ) as in (2.2)(1): 

(1) If N = Aq, then G = A(, x in. In this case, we set g = (1,C4)- Then g is an 
order 4 element and G = Aq x (g). 

(2) If N = Se, then G = Ae.{g) = Aq : {g), where g = (5, C4) and g = (1,2) e Sq. 

(3) If N = PGL{2,9), then G = Aq.{^) = Ae : {g), where g = ih^,^) for some 
element h € PGL{2, 9) of order 10. 

(4) If N = Mio, then G = AQ.{g) = Aq : (g), where g = {g,C,i) ^'^c^ 9 an order 
A-element of Mio \ ^e- 

In each case, the semi-direct product structure is the natural one. We denote the 
groups in (1), (2), (3), (4) by Ae{4), 86(2), PGL{2,9){2), Mio(2) respectively. 

Proof It is clear that the four groups ^6(4), S'6(2), PGL(2,9)(2), Mio(2) satisfy 
the required conditions, i.e. G is of the form Aq.^^ and c(G) = A^. 

Let us next show that G is isomorphic to the group ^6(4), 'S'6(2), PGL(2,9)(2), 
Mio(2), if TV = Ae, Se, PGL(2,9), Mio respectively 

If c(G) = Aq, then c : G — > Aq x /X4 is an isomorphism. Indeed, c is injective 
by Lemma (2.2)(2) and |G| = \Ae x 114]. 

Consider the case N = Sq or PGL(2, 9). Since c(G) = A'', there is an element g 
of G such that c{g) G N \ Aq, ord(c(^)) = 2 and a{g) = ±(4. Indeed, by Lemma 
(2.2) (3), one can take a preimage of g in (2) and (3) as g. Moreover, (4 1— > —^4 gives 
a group automorphism of /i4, the isomorphism class of G does not depends on the 
choice of the sign of a{g). Therefore we may also adjust as a{g) = (4 for a chosen 
g. Since c is injective, this also implies ord(5) = 4 and consequently G = Aq : (g) 
as claimed. 

Finally consider the case = Miq. Note that Mio \ Aq has no order 2 element 
and order 4 elements of Mio\^6 form one conjugacy class of Miq. (See for instance, 
[Atlas table of Af,].) Let g G Mio \ A^ be an order 4 element and g G G be an 
element such that c{g) = g. Then a{g) = ±(4 by Lemma (2.2)(3). Now, as in the 
cases (2) and (3), we may adjust as a{g) = (4 for a chosen g, and G = Aq : (g) as 
claimed in (4). 

Since Aq is the unique subgroup of G, the image A^ of the homomorphism c 
is uniquely determined by G. Thus, the four groups ^6(4), Se{2), PGL(2,9)(2), 
Mio (2) are not isomorphic to one another. 

Now we are done. 

□ 
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3. Some lattice representations 

In this section, we recall sonic known facts about K3 surface from [BPV] and 
about K3 surfaces admitting an ^g-action from [KOZ]. For details, please refer to 
these references and references therein. 

By a K3 surface, we mean a simply-connected compact complex surface X ad- 
mitting a nowhere vanishing global holomorphic 2-form u)x- K3 surfaces form a 
20-dimensional analytic family. The second cohomology group {X, Z) together 
with its cup product becomes an even unimodular lattice of index (3, 19) and is 
isomorphic to the so-called K3 lattice 

L := e Ef , 

where Es is the negative definite even unimodular lattice of rank 8. We denote 
by S{X) the Neron-Severi lattice of X. This is a primitive sublattice of H'^{X, Z) 
generated by the (first Chern) classes of line bundles. The rank of S{X) is called 
the Picard number of X and is denoted by r{X). We have < r{X) < 20. Denote 
by T{X) the transcendental lattice of X, i.e. the minimum primitive sublattice 
whose C-linear extension contains the class Ux, or cquivalcntly T{X) = S{X)-^ in 
H^{X, Z). If X is projective, then S{X) is of index (1, r{X) — 1) (and vice versa), 
S{X) n T{X) = {0} and S{X) © T{X) is a finite-index sublattice of H^{X, Z). 

Let {X,G,p) be a triplet consisting of a K3 surface X, a finite group G and 
a faithful action p : G x X — > X. Then G has a 1-dimcnsional representation 
on H°{X,il'^) = Cojx given by g*u)x = a{g)u!x, and we have an exact sequence, 
called the basic sequence: 

1 — > Gn '■= Kera — > G-^p,i — > 1 . 

The importance of the basic sequence was first noticed by Nikulin [Ni]. We call 

Gn the symplectic part and p,i := {(j) (rcsp. /), the transcendental part (resp. 
the transcendental value) of the action p. We note that if A^.p^ acts faithfully on 
a K3 surface then Gjv — ^6 and the transcendental part is isomorphic to p4. This 
follows from the fact that is simple and also maximum among all finite groups 
acting on a K3 surface symplectically. This is a result of Mukai [Mu] . We also note 
that X is projective if / > 2 [Ni]. 

We say that 2 triplets {X,G,p) and {X',G',p') are isomorphic if there arc a 
group isomorphism f : G' ~ G and an isomorphism : X' ~ X such that the 
following diagram commutes: 

GxX X 

G' xX' X' 
The main result of [KOZ] is the following: 

Theorem 3.1. Let G he a finite group acting faithfully on a K3 surface X . Assume 
that Aq < G and I > 2, where I is the transcendental value. Then we have 
Gn = Ae, I = 2 or 4, and rankL*^" = 3. In particular, S'(X)'-^" = ZH, where H 
is an ample class, and rankT(X) = 2. 

Consider the case having maximum 1 = 4, i.e. the case where G, which we 
shall denote by Aq, is a group of the form Ag.p^. Then there is a unique triplet 
{F,Aq,pf) consisting of a K3 surface F and a faithful group action pp '■ Aq x 
F — > F of Ae on F up to isomorphism. In particular, the isomorphism class of 
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Ae is unique. Moreover the K3 surface F has Picard number 20 and is uniquely 
characterized by the following equivalent conditions: 

(1) F is the K3 surface whose transcendental lattice T{F) = Z{ti,t2) has the in- 
tersection matrix 

% 0^ 

(2) F is the minimal resolution of the double cover F of the (rational) elliptic 
modular surface E with level 3 structure. The double cover is branched along two 
of a total of 4 singular fibres of the same type I3 and F has 6 ordinary double 
points. 

(3) F is the minimal resolution of the surface in x given by the following 
equation, where {[S •.T],[X -.Y : Z]) are coordinates ofP^ x P^; 

S'^iX^ + Y^ + Z^) - 3(5^ + T'^)XYZ = 0. 

In the course of proof, we have also shown the following fact. This will also be 
crucial in the next section and will be proved again here: 

Proposition 3.2. Let X be a K3 surface of Picard number 20. Assume that X 
admits a faithful action ofG^ = Aq. Then, as A^-modules, one has the irreducible 
decomposition 

s{x) o c = XI e X2 e X3 e X6 • 

In this description, we used Atlas notation for irreducible characters/representations 
of Aq as in the Table below. 





lA 


2A 


3A 


3B 


4A 


5A 


5B 


Xi 


1 


1 


1 


1 


1 


1 


1 


X2 


5 


1 


2 


-1 


-1 








X3 


5 


1 


-1 


2 


-1 








Xi 


8 





-1 


-1 





(1- V5)/2 


(1 + V5)/2 


X5 


8 





-1 


-1 





(1 + V5)/2 


(1 - V5)/2 


X6 


9 


1 








1 


-1 -1 


X7 


10 


-2 


1 


1 












Proof. Since many ingredients and some idea in the next section have already ap- 
peared in the proof of this proposition, we prove this proposition for reader's con- 
venience. 

Recall that the order structure of Aq is as follows: 



order [conjiigacy class] 


1 [lA] 


2 [2A] 


3 [3A] 


3 [3B] 


4 [4A] 


■5 [5A] 


■5 [5B] 


(:ur(liii;ilit\- 


1 


45 


40 


40 


90 


72 


72 



Moreover, by [Ni], the number of the fixed points of the symplectic action is as 
follows. 



ord(g) 


1 


2 


3 


4 


■5 


6 


7 


8 


|A''| 


x 


8 


G 


4 


4 


2 


3 


2 
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Set H{X, Z) = H^\X, Z)®H^{X, Z)®H^{X, Z). Now, by applying the topological 
Lefschetz fixed point formula for Gjv = ^6, we calculate that 

rank^(X,Z)^« = E H9*\H{X,Z)) 

= ^(24 + 8 • 45 + 6 • 80 + 4 • 90 + 4 • 144) = 5 . 

Since Gn is trivial on H^{X, Z), H'^iX, Z) and T{X), one has S'(X)^« = ZH and 
H is an ample primitive class of X. (Here we used the fact that any K3 surface 
of Picard number 20 is projective, because S{X) (g) R = H^-^{X, R) and therefore 
S{X) is of signature (1, 19) and the fact that if h is an ample class of X and G is a 
finite group acting on X, then J2geG9*^ ample class which is invariant 

under G.) 

Thus the irreducible decomposition of S{X) by Aq must be of the following form: 

S{X) (g) C = xi ® a2X2 ® 03X3 ® 04X4 ® asXs ® aeXe ® 07X7 , 
where Ui are non-negative integers. Let us determine aj's. As in (2), using the 
topological Lefschetz fixed point formula and the fact that rankT(X) = 2, we have 

Xtop(XS)=4 + tr(ff*|5(X)) 

for g & Aq. Running g through the 7-conjugacy classes of Aq and calculating both 
sides based on Nikulin's table and the character table above, we obtain the following 
system of equations: 

20 = 1 + 5(a2 + as) + 8(04 + as) + 9a6 + lOar , 

4 = 1 + (02 + as) + ae - , 
2 = 1 + (2o2 - as) - (04 + 05) + 07 , 2=1 + (-02 + 203) - (04 + 05) + 07 , 

= 1 - (02 + as) + ae , 

= 1 + ( — - — a4 H — 05) - 06 , 0=1 + ( — - — 04 H — 05) - 06 . 

Now, we get the result by solving this system of Diophantine equations. □ 

4. Determination of the isomorphism class of Aq 

Let Aq be a group of the form A^.fi^ which can act on a K3 surface X. Among 
four candidates .46(4), S(i(2).. PGL(2,9)(2), and Mio(2) for Aq (Theorem (2.3)), 
only one is isomorphic to Aq (Theorem (3.1)). 

The aim of this section is to determine the isomorphism class of this A^: 

Theorem 4.1. Ae is isomorphic to the group Mio(2). 

Proof. Set G = Aq. It suffices to show that G is not isomorphic to ^6(4), ^6(2), 
PGL(2,9)(2). Suppose to the contrary that G is isomorphic to one of these three 
groups. Let § S G be an order 4 element chosen in Theorem (2.3). Set l := g^. 
Then, by the description of g, we have G = Aq : (g) and c{t) = 1, i.e. ta = at for 

all a G Aq, and a{L) = —1. Thus l*lux = —^x on a target K3 surface X. 

First we prove the result below to get some geometric constraint of the pair 

(X,i6). 

Lemma 4.2. (1) xtopC^O < 0. Moreover, Xtov{^'') = if and only if X'- = 0. 
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(2) Let a be an element of Aq. Assume that the order of a is either 3 or 5. Then 

Here xtopiX"') is the topological Euler number of the fixed locus X"' of a G G. 
Proof. Since i*ujx = —i^x, the action of t on X is locally linearlizable a,t P & X'' 



Set C := X'-. If it is empty, then Xtop(C) = 0. Assume that C Then C is a 
smooth curve, possibly reducible. Since ua — ai, for each a G Aq (by c(t) = 1), the 
curve C is stable under the action of ^le- Thus the class [C] € S{F) is ^e-invariant. 
Since S{X)^'^ = ZH and H is an ample primitive class, C is also an ample class. 
Therefore, C is connected and hence irreducible by the smoothness. Since (C^) > 0, 
we have by the adjunction formula 

Xtop(C) = 2 - 2g{C) = -{Kx + C.C) - -{C^) < . 
Let us show (2). Assume that a is of order p, where p is either 3 or 5. Set r = ia. 
Then c . We have = a"^ e Ae = Gn (and is of order p) by ta = at. 
Thus, the set X'^ is a finite set as in Nikulin's table in Proposition (3.2). Hence 
is also a finite set, and therefore Xtop 

(X^) > 0. 

□ 

Let us recall the irreducible decomposition of S{X) in Proposition (3.2). Since 

X has an ample G- invariant class, wc have g*{H) = H and hence g*\xi = id. Since 
G = Aq: (g), we have also g*{x6) = Xe and either g*{x2) = X2 and g*{x3) = Xs or 
9*{X2) = X3 and g*{x3) = X2- Since i = g^, we have L*{xi) = Xi for each i = 1, 2, 
3, 6. Since ta = at for all a G A^, it follows that i*\xi are scalar multiplications by 
Schur's lemma. Moreover, since t is of order 2, we have 

^1X1 = 1, i,*\xi = {-iTHd^, 
for some rit G Z for each i = 2, 3, 6. We have also that l*\H°{X) © H^{X) = 
id, i*\T{X) = —idT(x) and rankT(X) = 2. Thus, by the topological Lefschetz 
formula, wc obtain 

Xtop(X'0 = 1 + 5 • ((-1)"^ + (-1)"-^) + 9 • (-1)"" (*) . 

The value xtop(^') must be non-positive by Lemma (4.2)(1), whence 

((_l)«2^(_l)«3^(_l)ne) 

must be either one of: 

(-1,1,-1) , (1,-1,-1) , (-1,-1,-1) , (-1,-1,1) . 
Consider first the case (—1, 1, —1) (resp. (1, —1, —1)). Take an order 3 element a 
of from the conjugacy class 3A (resp. 3B). Note that {La)*\H°{X)(BH^{X) = id, 
{La)*\T{X) = -1 and rankr(X) = 2. Then by the topological Lefschetz formula 
and by the character table, we calculate 

Xtop(X'-) = ti{{tay\S{X)) = 1- 2-1 + = -2 <0, 

a contradiction to Lemma (4.2) (2). 

Consider next the case (-1,-1,-1). Since g*{x6) = Xe and i*\x6 = ~*<^X6' it 
follows that the eigenvalues of g*\x6 = ±C4 and tY{g*\x6) = (9 — 2n)(4, where n is 
the multiplicity of -(4. Note that tT{g*\T{X)) = (4 - (4 = 0. 
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So, if g*{x2) = X3, then tr(g*|x2 ® Xa) = 0. Thus 

Xtop(^^) = 2 + tT{g*\S{X)) = 3 + (9 - 2n) • C4 ^ Z , 

a contradiction to the obvious fact that xtop{X^) G Z. 

If 9*{X2) = X2, then for the same reason as above, the eigenvalues of 

5*1x2 ex3®x6 

are ±^4. Let n be the multiphcity of — ^4- Then, since 

dim X2 6X3 0X6 = 19 , 

we have 

Xtop^ = 2 + tr(5* = 3 + (19 - 2n)a ^ Z , 

again a contradiction. 

Finally consider the case (—1, —1, 1). 

Let us first treat the cases where G is isomorphic to ^6(4) or 5*6(2). By the 
formula (*), we have Xtop{X'') = and therefore = by Lemma (4.2) (1). Let 
T := (456) in Aq. Then, by the shape of g, we have rg = gr in G. Then g acts on 
X'^ . Since X'^ is a 6 element set (see Nikulin's table in Section 3) and g is of order 
4, it follows that i{= g^) fixes at least two points in X"^ . In particular, JC- ^ 0, a 
contradiction. 

Let us next consider the case where G is isomorphic to PGL(2, 9)(2). 

Set V := {S{X) ® Q)'*. Then V is ^e-stable by ua = at for all a e Aq. By 
(ni, n2, na) = (—1,-1, 1) and by the fact that the action t* is defined over S{X)^Q, 
we then have 

V O C = xi ® X6 • 

Recall that xi = CH, where H is an ample Ag-invariant class. Consider the 
orthogonal complement L := Hy of H in V. Then L is also ^e-stable and satisfies 

L c S{X) (g) Q and L (g) C = xe • 

Since c{g) = g switches the conjugacy classes 3^ and 3B of Aq, while X2(3A) = 
2^—1 = X2{3B), we have 

9*{X2) =X3 , g*{X3) =X2 , 

and therefore 

tr (5*1X2 ©Xa) = . 
Moreover, since i = g^ and l*\x& = id, we have a matrix representation 

~g*\x<i = l9-s®{-ls) 

under certain rational basis of L. This is because g* is defined over S{X) 

(so that 5*1x6 is defined over L) and the eigenspace decomposition of 5*|x6 of 
eigenvalues ±1 e Q are also rationally defined. We have also that 

tr(riX6)=9-2s . 

Note also that 

tr(g*|T(X))-C4-C4 = , 
tr{g*\H°{X) © H'^{X)) = 1 + 1 = 2. 
Thus, by the topological Lefschetz fixed point formula, one calculates 
Xtop{X'B) = 2 + 1 + (9 - 2s) = 12 - 2s . 
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Since X' = 0, wc have = as well by t = g"^. Therefore, xtop(-'i'^) = and 
s = 6. 

Let us recall that c{g) = {h^,(^4) for some element h G PGL(2,9) of order 
10. Then, e Aq (by [PGL(2,9) : Ae] = 2) and therefore there is an element 
a G Aq{< G) such that c{a) = {h? , 1). Using the injectivity of c, we sec that a is 
an element of order 5 and satisfies ag = ga. Note that a* is defined over S{X) and 
therefore cr*|x6 is defined over L. Thus, under the same rational basis (wi)f=i of L, 
we have a rational matrix representation 

a*\x6 = A®B , 

where A e GL(3, Q) and B e GL(6, Q). 

Since cr S is of order 5, we have tr(CT*|x6) = —1 by the definition of xe- Thus 

tr^ + trS = -1 . 

On the other hand, since a is of order 5, the eigenvalues of A and B are all root of 
5. Since A and B are rational matrices of orders 3 and 6 and since <^(5) = 4, we 
have then 

tvA =1 + 1 + 1 = 3, 

and either 

4 

trB = l + l+^a = l, 

i=l 

or 

trB = 1 + 1 + 1 + 1 + 1 + 1 = 6. 

However, then 

tiA + trB = 4 or 9 , 
a contradiction to the previous equality. 
This completes the proof of Theorem (4.1). 

□ 

Remark 4.3. In the above proof, the last case (—1,-1, 1) can be ruled out geomet- 
rically. Indeed, in this case we have X*" = and hence = 0. This means that 
the surface X admits a free action of a cyclic group of order 4, which is impossible 
because no K3 surface may admit such an action (the algebraic Euler number of a 
K3 surface is equal to 2, not divisible by 4). 
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